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The problem of finding mean Green's tensor of the microinhomogeneous
elastic unbounded medium is considered, In the case of a statistically iso-
tropic homogeneous medium the problem reduces to that of finding the
eigenvalues of the elastic and polarization operators and of calculating the
inverse Fourier transforms, The method of changing the field variables was
used to sum all one-point and two-point sequences in the expansion for the
elastic operator and its eigenvalues, A general expression for the mean
Green's tensor is obtained for a particular correlation function, The problems
of obtaining an approximate expression for this tensor in terms of the first
roots and of finding the asymptotic formulas in terms of the wavelengths
(frequencies) are discussed,

Methods of obtaining the Green's function for the inhomogeneous and
randomly-inhomogeneous media were discussed in [1 — 5]. Use of the meth-
ods of the Green's function in stochastic systems is the subject of [6 — 8],

1, Let us consider an unbounded linear elastic inhomogeneous medium in which
the stresses 0;; and deformations e;; are connected by the following relation:

o =A(z)e, e =Yy (up, + wrx) (L1

where A;;p; (z) is the tensor of elastic coefficients, depending on the spatial co-
ordinates in a random manner, Here and in the following we shall use a straight-
forward notation for the field variables passing, when necessary, to a coordinate re-
presentation of the tensors, The Green's tensor Gy, (%, ;) of the medium in
question satisfies the equation

(MG, x),x + po0?G = 8 (z — 1) (1.2)

Bringing into consideration an auxiliary medium with the parameters A°, po, we
pass from the equation (1. 2) to the equivalent integral equation

Clam) =l —z)— [ CNG D wdr, M=A—R L3

(Grn®" (x — x) denotes the Green's tensor of the homogeneous auxiliary medium).
Differentiating (1,3), transferring the derivative under the integral sign and writing

9
™ Cux (z — 7)) = G 8 (z — 2)) + Ghx (& — )
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we obtain

BG .G .—  GRAG dz
B‘iqjl = 6iq6il + xnmqug;), mj

Passing to new field variables g and T [9]

ik = Biqleqk, £ anst = AnmqlB;llst (1.4)
we can write the integral equation in the form
° R
g ES G'x—SGfx;ngxl (1.5)

Solving (1, 5) by consecutive iterations, we obtain an expression for g£;jx in the form
of a dispersion series in powers of TI'. The best convergence of the series is obtained

when [9]
<Fijkl> =0 (1, 6)
A direct check shows that when (1,6), < g)> satisfies the equation
8> =6+ § {620 &> dedas (1.7)

R
Qnmst (1:19 1'2) = <anpq (11) FB‘vst (12)> G;B), qv (x‘z - xl) + L
We define the effective polarization tensor by the relation

(Tg) =T*(g> = Sv* (z, 21)(g> dx (1.8)
Averaging the equation (1.5) and taking (1, 8) into account, we obtain
(g = Crx— | GBI (gydm (1.9)
Equating (1, 7) and (1,9), we obtain the relation connecting $* and @
v* (2, 7)) = —0Q (z, zy) (1.10)

The field quantities G,,, » and g, I' are connected by the formulas

g = (E* + MGG, . (1.11)
Tg=MVG,s Eig = 8185

Averaging (1, 11) and taking (1, 8) into account, we obtain

(8= <G>+ G A (G (1.12)
I'*(gd = AN <(G,x), AN = A*¥ —)°

where the elastic operator A* is given by the relation
MGyx> = A* (Gad = § MG 2ddz, (1.13)

From (1, 12) follows ) , ,
T* (B' + Gz A)<G,x> = A KG, > (1.14)
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Let the medium in question be statistically homogeneous and isotropic . Then
T*¥(@ ) =1z — o), M@ ) =AM —n)

Let us denote the Fourier transforms of the kemels y* and A* by D* (w, k),
L* (@, k). Applying the Fourier transformation to (1. 14), we obtain

L* (@, k) = A° + MD* (@, k), Mpngi = Ebng; — DnjimGig, mg  (1.15)
Let us now average the equation (1, 2), with (1,3) taken into account, and Fourier
transform the result, We obtain
(Lijuikeik; — 00w™di) P = — Bin (1.16)
where (Py, (®, k) is a Fourier transform of the tensor Ggp .
2. Let the auxiliary medium be homogeneous and isotropic
Mokt = MoEbi -+ 200Eim,  Eim = Y2 (85851 4+ 851:81) (2.1)

Then the expression for the tensor G p,° is known [1].
Let us restrict ourselves in the expression (1, 7) to the two-point moment I';;u
(x). which corresponds to the process of taking into account the two-point moments
Aijm (x) of every order, Consider the inhomogeneous isotropic medium
M (@) = A (@) Bt -+ 20 (2) Ejma (2.2)
Tin (@) = T1(2) Elmt + 2T2 (z) Ediwe

We assume that
(T; ()T (z5)) = R (O™t sint, t=2ap=a Tlry— 2| (2.9)

Applying the Fourier transformation according to the second formula of (1.7)  and
taking (1. 10), (2.3) into account, we obtain

6
Dl (@, k) = 3 Da* (o, k) Exyve (2.4
a=1
Formulas (1, 5) with (2, 4) taken into account, yield
& (2.5)
L’Il.;‘VO ((’)7 k) == (12]1 er* ((ﬂy k) E?UW

Eive = qnqiBys, Edips = 3vq56n
Enive = Yy (Onv@sgs + Snos0igy + 85qn0s + 65quay)
Emvb = qnqiQvqs. q; = k; / k

In the case of strong isotropy D;* (0, k) = L;* (0, k) =0 (i =3, 4,5,6),
we write the formulas (1. 15) as follows:

— 0 o 2GRt B 6
Lo* = po + 1 —TOps’ re = 161, (Ao - 2p80) (2.6)

K*=K0+'T:L—)T*_m‘“a T = (Ao + 2up)!
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K* = L* + 2/ sLo®, D* = Dy* 1 ¥ D,*
Dy* (o, k) = 251290 - 2w ® 4 9@ 1 wd
R SR S Sl

2.7)

t
Dy* (0,k) = = (WP + ¥ + ¥ 1 ¢®

15
qr(5)+ Fsg)”i IP‘_;(77.)+ lF(3)+1F(10)}2 ,t
(1) ik k* 3 7.
‘F] Z—th—a;—a—F(T,i,T,z_))
(2) k2 1 7
\F] = ctz(],)- F(1,T, Z Z])
w3 2k kS 11
Vie= — o 5, = ’z])
2ky? 17
(a) o .
Vil = — Pt 7ie)
2ik k 3 11
(5) @ .
Vie = o1 zF(_z"i’ 75 i)
4k 2K 1 9
8) o 19
Vie. = —o; (L 7i3)
4ik 3k? 3 9
(7 @ 2. —
Via = — —7oq7 (1 7i2)
5k 1 5
® _ o R
Via 2 Ft, 4 5i2)
15ik4 a; + ik
ng) = T4k l2 :
0} aj—:k
4k 2kt 3 11
(10) @
¥ = e F (20 i)
1Fib
(11’2=—71—ﬁ—, 6ﬁ=1—akﬁ (S=l7t)
l
Ur=h—fou adli=H—"1
nR (0)a _
A:—-—m—, a[93|<1, 65——Imk5

Substituting L* into the equations (1. 16) and solving them for P, we obtain

Pun = Prn® + P, Ppu® = PLY | Pn® = PO (8n — qun) (2.8)
PO = — [(L* + 2L,*)k? — po@?l™, P®W = —[L,*k* — py0’]

From (2.7) it follows that D;* (w, k), L;* (o, k) are functions of 4?

Digy= A4 % d™kn (0 =0,1,2) (2.9

n=0

* * *
D(O) = D*, D(z) = D,¥*, D(l) = D,*,
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oo
* —
Ly = MY + Al Y Ppen

n=o
Lo* = L*, L§) = Ly*-+ 2L,*
0 =1 — AT@dP, o = — AT@IP (n=1,2,..)

Cn—ks

@) __ di.“) (a)—l 2-' a(cc) (@) a:()l) - 3a,(,°)af,t)

Substituting (2, 9) into (2. 8), we can write

P® (k@) = — [ (1) — pou?] ™ = — 2 Y v B
n—=p B VN n

o
”B(kz) _ 2 S%B)k“, s l.(ﬂ) + As(ﬁ) B)—-1

n==1

As(ﬁ) (5)—1’ M)l) = o, )“(l) — A'O‘i" 2”0

Performing the inverse Fourier transformation in (2, 8) with (2, 10) taken into account,
we obtain
4% v KD ® (2.11)
Gij> = — E exp (ikn'p) + .
< 1]> 4“9 ~ ut, (kg)) p( n p)

()

5 1 [y K @
0z,0z; { 4np (; %y (k;a)) exp (ikn P)tl)}

3. Let us now tum our attention to computing the approximate values of <G;;>

at = 0,1. When n = (0 we obtain, with (2, 10) taken into account,
Al 1
K9 = ka(1+ AP0, ha = =, ca= — @3
a 0

The relations (3, 1) yield the following asymptotic formulas depending on the wave-
length of the waves in question:

ak, << 1 (01, <L 1, 1, = ac,™?)

for the long waves with the case ky*» = k, vyielding a homogeneous medium with
elastic coefficients Ay, and p,;
ak, =1 (0T = 1), |6, | €1, Sg=1—01, (@=11

@) \ 1, 8 8
PSS LS aTERE

278 286 nR (0)
(l) l } —t = =
=N ( ! 2] ) > N 150,

for the waves with wavelengths of the order of the inhomogeneities, and
ak, >1 (07, > 1)
ko® = ik, (A@T@) s (1 — A @ T()1

for the short waves,




992 A. V. Chigarev

Taking into account (2, 11) and (2, 12), we obtain for n = 0
(Gipy®)y = —T@ [hgp (AW T@® — 1)17F exp (iky@pl (3.2)

where (G)(®) is the original function of P®* (@, k). When n =1, we
have with (2, 10) taken into account,

Act®)
kg)a)z — zpowg [Sgcc) + Sﬁa)]“l, kfm - 1

2 (a)

S+ 81 3.3
S(a) ?\‘(OL) + A (x) (G)—l’ S(a) (S(G'-)2 + 49 mzAc(a)a(a)..l)x/,
Investigation of the asymptotics of the formulas (3. 3) with respect to the wavelengths

(frequencies) can be reduced to the problem of finding the corresponding expressions
for ¢o®, ¢, k@, ky(® ., We have

o a(1 A %3) Bﬁi‘)’g) (3.4)
K 2(‘ h )xl(amﬁmq%—hﬁml)
O
o = — B (B + 2 o - — ()
o~ — - (o +Ex) o = 2 (5 + o)
(GE> = — 4:“) (A + 2iawdc 00) " exp (iki o) —
(A7) exp (iki7p)]
for long waves,
4P = ko [1 — M + qBha )] (3.5)
RS NTA
W = ( 3 ) (— g + i) n®)?
1D = (G, w® =@ — ai)" e = Ac®
s o= i S LU B
i — e (S S e (b
G = — ip (A + 2ikoni) ™ exp (ik§™p) —

(™)™ exp (iK1 p)]
for the waves with wavelengths of the order of the inhomogeneities, and

o = iky (MOT@)': (1 — Ag(@T @)1 (3.6)
6@ =@ = ... =0, (TO) =T+, (TO)?
(Gpy®> = T [4mp (1 — M@ T@) ] exp (ik@p)
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for short waves,

For the formulas (2, 12) with (3, 1) — (3, 6) taken into account, it follows that an
inhomogeneity leads to the appearance of exponentially decaying terms in the expres-
sion for the averaged function. The expression for short waves contains only the
decaying terms, When exact operator relations are used, the dispersion equations be-
come incorrect [10] in the short wave region ak,>>1 , and ray methods have to
be used in investigating the fields [3], We note that in the cases of long and short
waves the series (2, 10) are truncated, while for ak, = 1 all terms in the series are
proportional to 8, and for this reason the expression (3, 5) contains only the first
two terms, In the formula for Ko™ in (3.4) we neglect, in the real part, the term
proportional to (ak,)?. In selecting the roots of (3. 3) we use the condition that /o(®
tends to k, on passing to the homogeneous medium (R — 0) . Then the first
term in the expression for <G§§;> becomes the Green's function for a homogene-
ous medium, and the second term vanishes, In the case of the remaining two roots
k@ —k, as R (0)— 0. The fist termin (G{)> vanishes, and the second
term becomes the Green's function for the homogeneous medium,

The comrelation function (2, 3) represents a product of the following functions:
R,(p)=R, (0) exp (—v) characterizes completely disorganized structures [11] and
R, (p) = R, (O)t™'sin t determines the Markovian field of the coefficients y (z)
(12, 131,

The presence of negative correlation means that the function (2, 3) describes the
fields 7y (z) which vary arbitrarily rapidly over the length of order 2ma (i.e.they
assume values of different sign sufficiently often). A correlation dependence of the
type (2. 3) has been detected in experiments [14]. The method of computing the Green's
tensor discussed here can be used with any,exponentially-trigonometric correlation func-
tion which can be represented in the exponential form,

In particular, for R (p) = R (0) exp (—7) the expressions (2, 7) simplify in the fol-
lowing manner: 1) instead of a;(j = 1,2) wewrite a, = a1 (1 — iaky) ,» 2)
the difference in j disappears, and {f;},;! = fp» 3) A= —aR (0) (2ps)~t. Corres-
ponding changes take place in (3,1) — (3.4), and the qualitative character of the
dependence of k® on @ remains unaltered, Formulas(3.5) will disappear, since
in this case the small parameter 8, ==1 — ak, will not be present in the rela-
tions (2, 10).
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